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DETERMINATION OF LEVEL SENSITIVITY
(FIELD CALIBRATION WITH THE LEVEY, ON THE INSTRUMENT)

1. Introduction and Statement of the Problem. \ method is considered for
determining the level-vial sensitivity of the Zenith Wanschaft Telescope . the Wild T-4
Theodolite, and the plate level of other suevey instruments. The level vials are cali-
brated without removing them from the instrument.

Sensitivity of the level vials varies with temperature, age, bubble length,
stresses on the vial, the sense of bubble drift. and other factors. The calibration must
be made at different ambient temperatures and the level sensitivity must be reduced
Lo a standard temperature. The Wild T-4 hanging level is located at 90 degrees with
respeet to the optical axis of the telescope, while the Horrehow-Taleott level vials are

parallel to it.

2. Theory of Level Sensitivity. in Fig. 1. let point O be the center of a sphere
and OZ the direction of the plumb line. The plane through O, at right angles 1o OZ,

[ %

Fig. 1. Basic level-vial onientation.




is the plane of the horizon, cutting the sphere in the great cicele M. A plane
through O, at right angles to OZ', euts the sphere in the great cirele NMA - Let i be .
the inclination between these two planes, Let M W hie the line of interseetion, Point .
7,15 the pole of the great cirele HMIL and 77 is the pole of the great cirele YMA L 1
Henee Mis at 90 dearees to both 7 and 7', Therefore. .\l:\“ MH = 90°, Let a level '
vial be attached to the horizontal plane at O, The bubble position is referred to a

~cale on the tube 1tself,

\fter carefully leveling the base plate of the theodolite, represented by the

plasie ML the vertical axis will have been brought into the vertical position; thus,

when turning the theodolite about its vertical axis, the level bubble will remain station- )

ary with respeet to the central point of the level seale. The rotation i< in the plane !

ML On the other hand, when the base plate is inclined anangle i . the rotation

of the theodolite will be in the plane NMA . The hubble of air will always stand at \

the highest point on the carve of the tube. Any change of the relative elevation of the |

two ends of the tube ix accompanied by a corresponding change in the bubble position,

Therefore, the bubble is moving to the end b when the rotation is in the sense MAGA L

The level position at the horizontal reading Ay will indicate an inclination iy, and ineli-

4. nation i, when the level oceupies the position al the horizontal reading ;. These
inclinations are ilhastraded in Figs, 2 and 3. By moving the instrument in azimuth, we :

are varying the angle of inelination as a funetion of the azimuth readings. This allows
us to define a method for determining the level sensitivity without removing the level

vial from the instroient.

Fig. 2. Inclination i, Fig. 3. Inclination i;.

3. Trigonometrical Function Used for Determining the Level Sensitivity.
The writer las developed new trigonometrical functions and analy tical expressions, lo
be used in spatial triangulation, which have broad applications in fields of astronomy
of position, star positioning, the determination of the motion of the poles ete. One
of these expressins shall be used here for the determination of the level sensitivity.
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Fir. 1. Relationship between the five <ides,

The relationship between five sides of adjacent spherieal triangles may be established
by this expression: Consider Fig, b Let S and 8, be a portion of the sume great cir-
cle of are, Let ) = ABand 8, = BC. On the sphere place an origin at Pand feta, b,
amd ¢ be the spherical coordinates of AL Boand Corespeetively, An equation that re-

lates the five sides is as follows:
cosasin Sy Feosesin N - cos hain (8] +8,). ()
This shall be used for determining the level sensitivity,

4. Determination of the Level Sensitivity. The following relationships may he

derived from Fig, 1
;|'7,\| ")“-il
=7\, -
¢ = Z\2 = ‘)“‘iz
TSR VY

Wy = o\, Gy
Therefore, the general equation (equation (1)) is set up as follows:
simiy sin (Ag - Ag) s sin(Ay - \y) e ig sin (A - Ay) (2)

The A’sare the horizontal readings. Independent measurements can be made at will,
Fach one is made by changing the interval of azimath by a constant angle of & minutes,




thus 10 independent measurements assume a total change in azimuth of 0. Setting
up the first measurement with an origin at Ay the others are 1o be made at intervals
Ay rac 2ol ol A\ 0 Let by by byl Ly be central
bubble-position readings with respeet to the fevelvial seale that correspond to the azi-
muths Ay + 00\ +o0 A+ 2o and soon,

By choosing measurements with large intervals, the influence of reading
errors will be diminished when they are divided by a Jarge number of intervals. Having
thix in mind, let

b 200000,
and

j 0,789,100,
Then the veneral equation (equation (2)) becomes

sin i, sin ( \, - V) -sindgsin (A 4\1.) Ssinsin (.v\j A (3)

I the Wikd T4 the hanging level i locaded at 90 degrees with respeet to the
optical axisz therefore. £ 90 degrees must be added to the azimath readings A, and .
The azimuth that does not change ix the reading that corresponds to the inclination i .
Therefore

d L O)° i
Ay -\ musthe 907 (A - A, and
. A4 he 90° . -
\, \j must be 90° - (A \j),
Thux. equation (3) becomes

M cos (\, - \,)-~in iros (A \j) Ssin ) sin (.-\j -\ hH
which is the equation to be applied for the Wild -4 hanging level.

5. Inclination Angles. The inclinations i, and i, are small angles. Therefore,
we can tse Lhe angles instead of the sines. On the other hand, the readings (:\j -\)

have a constant value. Also, (A - A and (A -.»\j) are small ungles. We always hold
them less than 1 degree, <o it is justifiable to consider

cos (A=)~ eos (A - /\j) ~1.




Let p be the levelsensitivity and 1, and L the scale vial readings. For the melinations

we have

(X PR PR X and ij TP (IlJ L) (5)

where L s acconstant (see paragraph 7). Let tie constant difference in azimuth be
defined in the following manner:

A -\ D (0)

a.  lLevel Sensitivity. Replacing the values given by equations (5) and (6)
i cquation (4), we can define the value of Tevel sensitivity. The final formula for
determining the level sensitivity is:

SIS TIT -
p 206265 o ()
L L
1
Thix formula gives the fevel sensitivity in seeonds of are. 1 to be pointed out that
the denominator (I,} - L) hasanalmost constant value.

I the values of cos (:\0 . \.) and cos A\, - '\j) are not close to 1, we
must consider the following equation for determining the Wild 'T-F hanging level
sensitivily :

sini o sin (.\j -\

pEBIGED] ————— e 2

L, cos( (‘,- \)- Lo (VA

To apply equation (7), the inclination i must be known. Before explaimne how the
inclination i is determined, we must first consider the bubble length and the drift
interval (paragraphs 5h and 5¢ below).,

b.  Bubble Length. The level vial is parthy filled with liquid. and when no
inclination exists, a small bubble occupies the central position. The bubble length can
be varied. Ttis chosen spproximately between one-half and two-thirds of the level
scale, If L and 1_are the end readings of the level-vial scale, the bubble Tength [ s
chosen between

USILIES (! )

¢ Bubble Drift. Sefect an interval of five divisions of the level-vial scale
for a variation in azimuth of a small angle o Mahe a minimuam of 10 independent
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observations in a Direet instrument position. After the last measurement, the azimuath
has chinged in 10 a with respeet to the first reading. Then the instriment is turned
180 degrees in azimuth and a new set of 10 measurements is made by moving the
telescope in reverse order — that is to say, by changing the azimuth intervals from
0o, Yo, 8o, . .. ... Q.

L

| IR Ty

Fig. 5. Bubble length and evelvial seale.

InFig. 5. let L and L be end-mark readings on the tesel-vial scale, and

let N be the total number of intervals of the level-vial seale: then
N oL (10)

The bubble length occupies a space 1) of No Let X be the free space that can be used
for the total bubble drift: then

NN, (1

we have

If instead we choose

then




Let S he the bubble drift when the azimath changes by anangle o Let o be the total

number of drifts (or repetitions). <o that

N\
If we choose n = 10, we obtain
4 Y
S (10)
il
For v = nyowe hane
b,- L,
$ (%
I . ;
20
and for x X, we oblain
L. L
s .
Na 7 e (18)
15

Having tixed the bubble drift S8, or Sy 00 remains Lo determine the

inelination 1,

6. Determination of the Inclination i . In Fig. 6. 1let A be the azimuth reading
when the inelination is zero. We hine chosen a bubble drift S for an azimath change of
angle a. Let us choose o 5 minutes: therefore, the 10 independent measurements
require a total interval of T0a = 50 minutes. which in Fig, 6 is represented by the are
A, A Weneed to know. 1o a rough approximation, the reading A o The exact

value can be determined from the observations, We useavalue \ A | degree,
to be sure that the 0 independent observations can be used. The inelination i\ is

io=p" X =ns. (19)

where N is chosen according 1o the bubble length selected, and p " is the level sensitivity.

of which an approximate value is sapplied by the manufacturer. Applving equation (1).
we have
Y Gt L P _ .
cos 907 sin (A -\ ) #sindsin( \ -\ (20)

sinisin (A -\

Inasmach as (A - A ) isvery nearly 90 degrees, we can lel

sin (A, -A) =L
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Fig. 6. Basis for determining inclinations and azimuths.
Thercfore, the inclination i is computed from
- kA 9
sini = sini fsin (AL - A 21
Reading A is the azimuth reading that corresponds to the level position showing

virtually no variation in the bubble position. We fix (:\x : :\m ) = I degre.. Therefore,
» 9 H . Y H N ahr D3 o W
replacing i, from equation (19). equation (21) becomes

' 206,265 p " X
sini = __*._ﬁ___ , (22
sin |
where
\= I,r il - Bys

The inclination i . as computed from equation (22), gives the maximum
value, If we fix an inclination equal to one-half of the value computed through
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equation (22). we double the number of independent observations for determining the
alue of level sensitivity.,

7. Azimuth Direction for Fixing the Inclination. Level the instrument carefully
and place the telescope in the direction of one foot-serew. Let A be the azimuth,
and let 7, be the zenith distanee of a reference field mark. Clamp the instrament.
Fixing the telescope with a zenith distance 7+ reset the field mark by raising or
lowering the instrument until the mark again appears in he central eross wires so that
the inclination i is fixed. When a field mark is notCavailable in the direction which the
telescope is fixed, we can proeced as follows: Place a rairror close to the teleseape and
turn the mirror in azimuth until any good field mark can be seen and used,

8. Horrebow-Talcott Level Sensitivity. The process of determining the Horrehow-
Tadeatt bl wnsilivity bs similar o tie proeess weed for e hanging leeel sensitiity
The only difference is that Horrebow-Talcott levels are placed in the vertical plane of
the telescope. Therefore, there is no change in the horizontal readings. Consequently.
for these levels we apply equation (3) in this form:

sin ij sin (A -\ )-xin ij sin (A - '\j) =sini ) sin (.-\J = A (23)

In order to make the inclination measurements i, and i.. the instrument must be rotated
in azimuth about 90 degrees with respect to the reading A . The hubble motion must
be checked to see that it moves in the right direction when the azimuth changes by an
angle a.

The level sensitivity is determined by using the same equation (vquation (7)),
sinee we can set sin (A - A ) ~sin (A - A) ~ | for such small values of i, and - If
sin (A - A)and sin (A - .-\j) are not close to 1, we use the equation

" = o363 sini sin (:\j -A;) ~
o alalt lJ sin (A, -A) - Lysin (A - "\j) ) )

9. Determination of the Azimuth When the Inclination is Zero. n order to
determine the azimuth A - that would correspond with the bubble position showing no
inclination, we proceed as follows,

In a rectangular-coordinates system, let the horizontal, axis-X. be the azimuth
readings and the vertical, axis-y, be the inclination expressed in divisions of the level
Let L, be the central bubble readings and Ay the azimuth when the instrument is
clamped in a Direet Position. Let L, , and Ay = Ay + 180°, the reading of the centra
bubble and azimuth when the instrument is in Inverse Position (by turning it 180




degrees). Then each pair of values of L and L, will give a constant value for the .
0.1 0.2 L {
mean, N
|
—_— l I +l — ., l [} 1od '
L = 5 (L p 11, 5) = constant, (25) )
v
and the difference, L, l'l‘. . will be the inelination, expressed in divisions of the level,
for the azimuth Ap, A, . and so on. Half of the incdlinations '
- ] R
i=L, -l (20)
will be positive and the other half negative. 1 we plot cach i of equation (26). we !
notice that if we join these points, they will lie ona straight line. The point where the
straight line euts the horizontal, axis-x, will be the azimuth A | that corresponds to ‘
zero inclination,
|
Taking pairs of points whose inclinations are opposite in sign, we can com- ]
H. pute the azimuth A asfollows. Let these two points be
|
b P - L) A Land !
0.l K% B AR N )
!
)
lo.:! [(l'o.'.Z . I'm)"\zl' b
- 0 - . . » . . U . l
Let hy represent the inelination of point P and hy the inclination of point P,
Then
Ill = I:() l - Ilm. ﬂll(l (2‘-)
h2 i I‘o.2 "
1
X
Lel
A
x=A, -\, (28)
then from Fig. 7 it follows:
by o e
X 1\2 o Al X
From this relationship
1] !
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(29)

and from equation (28).

l\() S ’\I +X.

This is true for any other pair of points. Therefore, a general equation is set up:
A, = A X
Factor x; is computed from individual pairs through

X h_,h'—hj (Az- A1),
where hy and by have the meanmng expressed in equation (27). The negative sign in
front of hy is required because in equation (27) L, , <1 . We do not need to know
A+ Inequation (8), the value for A to be used is the azimuth of the mark, because
for this reading the inclination i | is known. The value of 1, given by equation (25)
is the one 1o be used in equation (5).

10. Discussion and Conclusions. The example used in this research note has the
purpose of showing the process of computing the level sensitivity as it is described
herein. Certainly. more calibrations must be conducted at different temperatures in
order to have sufficient information for a complete analysis of the bubble-drift be-
havior and to see if the level sensitivity differs according to the sense of the bubble
drift. This can be seen from the two values shown on Table 2 of the Appendix, where

"




the two mean values have a differenee of 0034, This difference conld be due to the
bubble-drift motion. The analysis of bubble-drift behavior v:ilf give a elue ax to whether
or not the radius of curvature of different portions of the tube n.ay be different. This
defeet will give different angular values to divisions of equal length in different por-

tions of the tube.

To take into account the effect of temperature, let p | be the sensinvity
value for an assumed temperature T Cand let p be the value at temperature T, Then
we have o =p+p (T-T ) 8. in which o and fare to he determined by least squares
so ax to satisfy the observed values of p at different ten peratures, \fter pand gare

known, the sensitivity at any temperature T is

p(l

p o)

1+ (P18

The advantages in our method consist of the fact that the levels are not
removed from the instrument itself Tor evaluation of the angular value of one division.
Time 1x saved because this evaluation is made while the levels remain on the instrument,
In addition. to determine the level calibration with a comparator by the standard
method, the value of a division of the Jevel rexults in partial revolution of the compa-
rator’s mictometer serew, The value of one revolution of this micrometer not only
must be known aceurately, but also its periodie and progressive errors must be aceu-
rately known. Also. the comparator may give an evaluation of the angular level divi-
ston slightly different than when the evaluation is made with the level set up on the
instrument, There is no guarantec of the tevel parallel position when it is set up in the
comparator for the calibration, after the levelis again set up on the instrument. Thus,
the bubble displacement could not e on the same inclination, and this leads, therefore,
to a different angular evaluation.  Furthermore, our method allows us to calibrate the
levels under the same conditions as those in which the instrument is used in field work.
As can be scen by this new capability, the theodolite itself can be used as a comparator

for calibrating and testing other levels or similar deviees,

12
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APPENDIX

SAMPLE COMPUTATION

As an illustration of the method previously deseribed, a practical application of
the computational procedure is given. The instrument was fiest carefully leveled. after
which the teleseope was set up in the direction of one foot-screw. \nauniliary mirror
was placed about 3 metersin front of the telescope. The mitror was turned until a
good field mark was seen in the telescope. The mirror was then clamped. 1tis well to
have the mark set as far away from the station as possible o that it will not he neces-
sary to change the focus. Table 1 shows the observational data for the hanging level
of the Wild T-4 Theodolite, The reference field mark wi set as follows:

Azimuth mark: 350718497
Zenith distanee: 233°10°20979
splhit level: KRR

The telescope then was brought to the zenith distanee 7, 234°59°2079. Therefore,
the inclination i<i, = 7, - 7, = 50", By activating the fool-serew , the telescope was
moved up until the field mark was again on the same horizontal line, elose to the cros
wires. The first column gives the azimuth at which the instrument was clamped. The
second column gives the bubble end readings. The capital letters. L and R, stand for

left and right as the observer faces the fevel vial,

In Table 2, the first column shows the number of observations used for the
Direct and Inverse instrument positions. The second and third columns were formed
by substracting the azimuth mark A< 351°19" from each azimuth corresponding to
the bubble-scale reading. The fourth column was formed from the mean bubble read-
ings taken from the last columa of Table 1. The fifth columu is forned by dividing
the constant € = 217816 by the number shown in column four. A -7 was used for the
Inverse Position. The sixth column shows the discrepancies between column five and
the mean value, The resulting value for the level sensitivity is p = 17047 £ 070006,

In Table 3. the first column indicates the setting used for the Direct and Inverse
instrument positions. Corresponding azimuths are indicated in column two. The
third column shows the mean value of the end-bubble readings taken from the last
column of Table 1. The fourth column represents the mean value of column three,
This is the value of L, that appears in equation (5). The last column gives the incli-
nation expressed in divisions of the level-vial seale, 1is the term in parenthesis of

equation (3). and is used in equation (25). These inclinations and the first azimuth

—aT e a




Table 1. Data for Wild T-4 Hanging Level

Azimuth
+9()° L R Length IL+R “(R+1L)

351°00° 50.6 89.6 39.0 140.2 T0.1
05 46.2 85.2 39.0 131.4 65.7
10 42.1 81.1 39.0 123.2 61.6
15 38.1 773 39.2 115.4 ;o gy g
20 L 73.0 39.3 106.7 53.5
25 29.8 69.0 39.2 98.8 494
30 25.8 65.0 39.2 90.8 45.4
35 21.5 60.9 394 82.4 41.2
40 17.3 56.8 39.5 741 37.5
45 12.8 92.2 394 65.0 325

351 50 i g 7.3 39.6 55.0 275

171°50 51.0 90.8 39.8 141.8 70.9
15 47.1 86.8 39.7 133.9 66.95
10 43.0 82.6 39.6 125.6 62.80
35 38.5 8.2 39.7 116.7 58.35
30 34.2 74.0 398 108.2 5410
25 304 69.9 39.8 100.0 50.0
20 26.0 65.8 39.8 91.8 45.9
15 21.9 61.6 39.7 83.5 41.85
10 17.6 8703 39.7 1.9 37.45

5 13.1 53.0 39.9 06.1 33.05

171 00 8.0 48.0 40.0 56.0 28.00

NOTE:

Zenith Distance Sphit Level Azimuth’s Mark

1 55°49) 2970 5.3- 39 351°18°19.°3

11 54°59. 2079 53-39

i, 0°500 000

14



Table 2. Determination of Level Sensitivity

1-) :\i - A, "\j -A, l,j - |.i p \
Direct Position *
1-6 90°19’ 89°54 20.7 1054 0010
2-7 14 19 20.3 1.075 + 011
3-8 09 14 20.4 1.070 + .006
49 90 04 39 20.2 1.080 + 016
5-10 89 59 34 21.0 1.039 - 025
Mean 1.064

Inverse Position®

5-10 89°31 90°19 21.05 17037 +0.007

4-9 39 14 20.95 1.042 + .012

3-8 1 09 20.90 1.044 + 014

2.7 19 90 01 21.05 1.037 +.007

1-6 89 54 89 59 22.00 0.992 - .038
Mean 1.030

*NOTE: Bubble motion was to the right in the Direet Position: to the left in Inverse Position.

sini - sin Do C

; 7 206,265 — -
Fq. (7)) » 1.265 g 1 D 2

) 1 J 1
Azimuth maik: R 351°Y
Inclination: 2 30
\zimuth difference: Sa 25
Constant: €= 206.265 sin i sin Sa

C=21"816

217816
-1

p = 17047 £ 07006



Table 3. Determination of the Inclination

No.

[

i

6

8

10

Inchnation

+21.05

+16.32

+12.08
+ 7.98

+ 3.83

0.30

4.35

8.58

- 12.87

2 %)

o ——

\zimuth L, =% (R +].) Mean
351°00° T e  49.05
171 00 28.00
351 05 65.70 19.38
171 05 33.05
351 10 61.00 19.52
171 10 3745
301 15 27.70 19.72
171 15 .75
351 20 53.55 49.72
171 20 15.90
351 25 19.40 19.70
171 25 50.00
351 30 45.40 19.75
171 30 54.10
351 35 11.20 19.78
171 35 58.35
351 1 37.05 19.92
171 40 62.80
351 45 32.50 19.72
171 45 606.95
16



that corresponds to each inclination were used for determining the azimuth A which
corresponds to zero inclination (Fig. 8).

Table 4 was formed from Jdata of Table 3. The first column gives the setting used,
the numbers corresponding to column one of Tzble 3. The second column of Table 4
gives the difference values that correspond to the number on the setting (Table 3,
column 5). The third column gives the value of the level sensitivity computed in the
same manner as for the explanation of Table 2. The lasi column shows the discrep-
ancies between column three and the mean value p = 17043,

Set L, -1, P v
1-6 21.35 1702: 07020
2.7 20.67 1.055 +.012
3-8 20.66 1.056 +.013
1.9 20.83 1.036 +.003
5-10 21.05 1.036 . 007

p - 217810 ",' L)
e = 17043 + 0006
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